Abstract-A dust grain in a plasma acquires an electric charge by collecting electron and ion currents. These currents consist of discrete charges, causing the charge to fluctuate around an equilibrium value (Q). Electrons and ions are collected at random intervals and in a random sequence, with probabilities that depend on the grain's potential. We developed a model for these probabilities and implemented it in a numerical simulation of the collection of individual ions and electrons, yielding a time series Q(t) for the grain's charge. Electron emission from the grain is not included, although it could be added easily to our method. We obtained the power spectrum and the rms fluctuation level, as well as the distribution function of the charge. Most of the power in the spectrum lies at frequencies much lower than 1/r, the inverse charging time. The rms fractional fluctuation level varies as 0.5/( N )/-1 1 2 , where ( N) = ( Q) I e is the average number of electron charges on the grain. This inverse square-root scaling means that fluctuations are most important for small grains. We also show that very small grains can experience fluctuations to neutral and positive polarities, even in the absence of electron emission.
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I. INTRODUCTION
W HEN a dust grain is exposed to a plasma, it acquires a charge by collecting electrons and ions, or through photo-electron or secondary-electron emission [1] . When emission processes are unimportant, the equilibrium charge will be negative because the flux of electrons to an uncharged surface is high compared to that of ions. On the other hand, when electron emission is significant, the equilibrium charge is positive.
In astrophysical and space plasmas, charged dust grains respond to electromagnetic fields, leading to rich physical phenomena [2] . For example, the grain's charge has been considered as a dominant factor in regulating the magnetic diffusion and ionization fraction in dense molecular clouds [3] and for grain motion in planetary magnetospheres [4] . In the laboratory, dust particulates can cause serious contamination problems in plasma discharges used for material processing [5] . In this case, the charge is, again, an essential issue in understanding the forces on these particulates in order to eliminate them from the processing device [6] , [7] .
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currents collected from a plasma, and that these currents are continuous in time. This model, which neglects the discreteness of the charge carriers that make the currents, is reviewed briefly in Section II. The charge on a grain can fluctuate, for two reasons. One cause is turbulence or other spatial and temporal variations in the surrounding plasma properties, especially in the electron temperature [2] , [4] . The continuous charging model can be used to model this kind of charge fluctuation. This phenomenon can be significant when the plasma fluctuations are large and more rapid than the charging time of the grain, which may happen, for example, in some turbulent astrophysical plasmas.
In this paper we study another cause of charge fluctuations-the discrete nature of the charge carriers. Electrons and ions are absorbed at the grain surface at random times. For this reason, the charge fluctuates, even in a steady-state and uniform plasma. This idea has been reported previously in the literature. Morfill et a/. [9] anticipated that the number of the charges residing on the grain, N = Q / e, fluctuates according Choi and Kushner [10] developed a particle-in-cell simulation of the charging of a grain, yielding a time series for the charge that revealed fluctuations. Draine and Sutin [11] obtained the charge distribution function using a method that did not require finding a time series.
We report a detailed analysis of the fluctuations due to discrete charge carriers. The collection of discrete charges is handled by using the currents predicted by the continuous charging model to find the probabilities per unit time of particle collection. These probabilities depend on the grain potential, in the same way that the currents do. We use this scheme to develop a numerical simulation, as described in Section III. The amplitudes and time scales of the fluctuations of the discrete charges are evaluated for various conditions that are applicable to both astrophysical and laboratory dusty plasmas. In Section IV, these results are presented in a useful form. These results can also be used by the reader to determine, for a given problem of interest, which is the larger cause of charge fluctuations, discrete charge carriers or plasma fluctuations.
II. CONTINUOUS CHARGING PROCESS
In this section, we review the familiar charging model where the discrete nature of the charge carriers is ignored. The currents collected by a grain are treated as if they are continuous in time. This brief review will be helpful in developing the discrete charging model in Section III.
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We will treat the case a < < >. < < Amfp, where Amfp is a mean free path for ion or electron collisions. Most astrophysical and laboratory dusty plasmas satisfy this condition. We assume that the entire spherical surface is at an electric potential cf>s, measured with respect to the plasma potential.
Although the theory presented in this paper can be extended easily to include photo-electron and secondary-electron emission, these currents are not included here. This assumption is probably more applicable to laboratory plasmas, because electron emission can be important in space plasmas.
A. Orbital-Motion-Limited Currents
Electron and ion currents are collected by a spherical grain in the same way as by a spherical Langmuir probe. Under the condition a «: >. «: Amfp, we can use the "orbital-motionlimited" (OML) probe theory [12] , [13] foe exp(ecf>slkTe)
Here Zi is the electronic charge of the ions. The coefficients foe and Ioi represent the currents that are collected for cf>s = 0. They are given by loa = naqa(kTalma) 1 1 2 7ra
2 fa(w), where na is the number density of plasma species o: and fa ( w) is a rather complicated function of the drift velocity w between the plasma and the grains [1] . If the drift velocity is much smaller than the thermal velocities, the coefficients can be simplified to: (2) In (1) and (2) , Maxwellian distributions are assumed, which is thought to be reasonable for most laboratory and space plasmas.
The charge Q is related to the surface potential cf>s by Q = Ccf>s, (3) where C is the capacitance of the grain in the plasma. For a spherical grain satisfying a «: >., the capacitance is given
Many dust grains are non-spherical, and so one should ask how the assumption of a spherical shape limits the validity of the theory. Since we are treating the case a «: >., the electrostatic equipotentials can be distorted from a spherical shape only within a radius «: >.. Consequently 
B. Continuous Charging Model
A grain that is immersed in a plasma will gradually charge up, by collecting electron and ion currents, according to dQidt = L,Ia. (5) The temporal evolution of the charge Q(t) can be found by integrating (5), using suitable expressions for the currents Ia, such as (1) and (2) . These currents depend on the surface potential, and therefore on the charge through (3) . This means that (5) is of the form dQ I dt = F( Q), where F is a non-linear function.
Note that the charge Q, the number of electronic charges The equilibrium potential is also called the floating potential,
The solution has a form (7) where Kq, = Kq,(T;/Te, m;/me) is a coefficient that must be determined numerically. Since electron emission is neglected here, and the electrons have a higher thermal velocity than ions, the floating potential and Kq, are both negative. Note that 4> f is independent of the grain's size, but it depends on the plasma temperatures. For example, a sphere in a hydrogen plasma with Te = Ti has the Spitzer [14] potential cf>t :::::: -2.5kTele. An expression for the equilibrium charge is found by combining (3), (4) and (7), yielding (8) where KQ = KQ(T;/Te, m;/me) is also negative. Note that (Q) is proportional to both the grain size and the electron temperature but independent of the plasma density n.
Another quantity we shall need is the charging time T, which indicates how fast a grain can charge up in a plasma. The literature contains several definitions of T, and they all give the same result, except for small differences in a coefficient. One way is to define T as the ratio of the equilibrium charge to the net current that the grain would collect when its charge is perturbed slightly from the equilibrium [15] . Another way is to define T as an RC time, by making an analogy to a capacitor charging through a resistor [1] . We choose to define T as the time required for an initially uncharged grain to approach its equilibrium charge within one e-fold, as sketched in Fig. 1 . Using this definition, we found that the charging time can be expressed as (9) where KT = KT(T;/Te, m;/me)· The fact that Tis inversely proportional to both a and n means that the fastest charging occurs for large grains and high plasma densities. In Table I we 
III. DISCRETE CHARGING MODEL
In the preceding section, we reviewed the standard continuous charging model, which neglects the fact that the electron and ion currents collected by the grain actually consist of individual electrons and ions. We will now develop a charging model that includes the effect of discrete charges.
A. Physical Model
There are two key aspects of the collection of discrete plasma particles that we should identify and incorporate into our model. (We use the term "plasma particle" to refer to either electrons or ions.) First is that the time interval between the absorption of plasma particles varies randomly. Second is that the sequence in which electrons and ions arrive at the grain surface is random_ But neither of these is purely random; they obey probabilities that depend on the grain potential ¢ •.
Let us define Pe ( ¢.) and Pi ( ¢.) as the probability per unit time for absorbing an electron or ion, respectively. As the grain potential becomes more positive, more ions will be repelled and more electrons will be attracted to the grain, so Pi should decrease with ¢. and Pe should increase.
We calculate Pe(cf>.) and Pi(¢.) from the OML currents Ie(cf>.) and /i(¢.), (10) This equation is the key to developing the discrete charging model. Basically, it converts the OML currents into probabilities per unit time of collecting particles. This relates the discrete charging model with its probabilities to the continuous charging model with its currents.
This assumption retains an important part, but not all, of the physics arising from the discreteness of the charge carriers. The discrete nature of an electron or ion is recognized when it is absorbed from the plasma by the grain, but not when it remains in the Debye sheath surrounding the grain_ This is equivalent to treating the plasma with a continuum model that is characterized by the currents, 1 01 • This is a suitable approximation whenever the number of ions or electrons in a Debye sphere is much greater than unity. This condition is the usual plasma criterion, which is satisfied for almost all plasmas of interest. For this reason, we believe (10) adequately describes the discrete particle effects.
B. Numerical Simulation
In this section we describe a numerical simulation that implements the physical model presented above. As outlined in the flowchart in Fig. 2 , the simulation starts with a zero charge, i.e., Qj = 0 at tj = 0. Then two steps will be repeated after each plasma particle is absorbed. In the first step, time is advanced by a random interval to the time when the next plasma particle j is absorbed_ In the second step it is determined whether that particle was an electron or an ion, and the charge Qj is updated accordingly. These two steps are explained in greater detail as follows_ 1) First
Step: Choose a Random Time Interval: In constructing a numerical simulation based on the physical model, we must retain the two key aspects of the randomness, as discussed in Section IliA The first requirement was that the plasma particles arrive at random time intervals, in a way that is consistent with probabilities that depend on ¢ •. To handle this, the simulation will advance using a time step that is not fixed. Instead, there will be exactly one time step per particle that is collected. The time step will be chosen so that it corresponds to the time interval !ltj = tj -tj-1 between the collection of plasma particles. This time step will be different every time, just the way it is in the physical system. This random time step is chosen in a way that is consistent with the probabilities Pe(¢>.) and Pi(¢.). It is not necessary to distinguish between electrons and ions; that is done in the second step of the simulation. The probability per unit time of collecting a plasma particle (whether ion or electron) is Ptot = I":p 01 , where p 01 is given by (10)-The currents I a depend on the grain surface potential ¢., so Ptot also depends on ¢. and hence on the charge QDuring a given time interval !lt, the probability of collecting a plasma particle is given by P = 1 -exp( -fltPtot)· (11) Dot is random, because the expression contains a random number R 1 . It also depends on the potential of the grain because of the <Ps dependence of Ptot· This is how the simulation retains the first key aspect of collecting discrete charges.
2) Second
Step: Choose Electron or Ion: The second key aspect of the physical randomness was that plasma particles arrive in a random sequence, in a way that is consistent with probabilities that depend on cPs· This requirement is handled in the second step of the simulation.
To determine whether the next absorbed particle is an electron or an ion, we again use a random number and the probabilities Pe and Pi. The probability that the next particle is species a(= e or i) is simply p 01 /Ptot· This is compared to a second random number R 2 , where 0 < R 2 < 1. If R2 < Pe/Ptot• then the collected plasma particle was an electron, otherwise it was an ion. We represent the charge by Qj. which changes at time tj when a plasma particle is collected. The charge is advanced by one increment, from j -1 to j, according to whether an electron or ion was absorbed if R2 < Pe/Ptot (electron absorption)
This advances the charge and therefore cPs· Then we must advance Pe and Pi before the next time step, because these probabilities per unit time depend on cPs· The simulation starts with an uncharged grain Q = 0 at t = 0. For good statistics it is allowed to continue for a time ~ lOOT. It yields as its results the time series Qj and tj.
C. Simulation Results
Using the simulation described above, we calculated the time series for the charge. Fig. 3 presents results for a small grain, aTe = 10 nm eV. For comparison, data is shown from both the discrete and continuous models. The continuous model gives a smooth curve for Q(t). The discrete model shows how Q fluctuates in discrete steps about the smooth curve from the continuous model.
During the early transient period where the charge has not yet reached the equilibrium, the grain mainly collects electrons. This can be seen in the early part of Fig. 3, for t < 0.25 ms, when N changes usually by -1 rather than by + 1. This happens because the grain potential is more positive than the equilibrium level, and therefore the probability for collecting electrons is much greater than for ions. Later, the grain's charge approaches the steady-state value (Q), and the 
IV. FLUCTUATIONS
In the previous section, we developed a simulation of the collection of discrete electrons and ions, and it revealed charge fluctuations. Here we characterize these fluctuations by several statistical measures: the power spectrum, charge distribution function, and rms fluctuation level. For these statistics, we only used the time series data for tjT > 5 to avoid the initial transient.
A. Power Spectrum
To reveal the nature of the fluctuations in the frequency domain, we computed the power spectrum Q*(w)Q(w). This was done using a fast-Fourier transform with a windowing algorithm to find Q(w) from the time series Q(t). Results are shown in Fig. 6 , where the horizontal axis is the frequency f = wj21r, normalized by the inverse charging time T-1 . This spectrum corresponds to the same time series whose beginning is shown in Fig. 4 .
The power spectrum reveals that the fluctuations are dominated by very low frequencies. Half of the power in the I I  I  I  I  I  I I  I  I I  I  I I  I  I  I  I !-1 1------1 1-, r-J 
B. Charge Distribution Function
In dusty plasma theories one is often interested in a plasma containing many grains. Since each grain's charge fluctuates, it would be desirable to have a distribution function that indicates the fraction of the grains having a certain charge at a given time. We can arrive at such a distribution function from our data. Since our simulation assumes an isolated grain, our result is valid only for the limiting case where the grain density is low enough that each grain is effectively isolated from the others.
1) Histogram:
We determined the charge distributions from the time series by making a histogram of the time spent at each charge level. Fig. 7 shows distribution functions for two cases with small grains, aTe = 0.14 nm eV and 1 nm eV. Both charge distributions have peaks that are centered near the average charge (N). The distribution function is wider for larger aTe. Our distributions can be compared to those of Draine and Sutin [11] , who assumed electron and ion currents that were different from the OML currents we used.
The charge distributions shown in Fig. 7 differ from a Poisson distribution. Poisson statistics are suitable for describing random events where the probability for one event does not depend on the history of previous events. This does not apply to our problem, where the event is the absorption of an ion or an electron by a grain in a plasma. The rate of absorbing ions and electrons depends on the grain's charge, and therefore on the history of the absorption. After a grain collects an electron, for example, the probability of absorbing another electron is reduced, because the grain has charged negatively and tends to repel electrons more. In the discrete charging model, this physics appears in the dependence upon ¢. of the probabilities per unit time Pa· 2) Grains with a Non-Negative Charge: One might ask whether the charge can fluctuate to zero or even to a positive polarity. While it is well known that the grain can have a positive value when electron emission is present, it may be surprising to learn that it can also happen, momentarily, in the absence of emission.
For small grains, the charge fluctuates to non-negative polarities, as shown in Fig. 7 . For this to happen, aTe must be small enough that the (Q) is only a few electron charges. Even Table I . The representative error bar is due to the finite simulation time.
then, only a small fraction of grains have a positive charge. For both cases shown in Fig. 7 , the probability is less than 10-3 that a grain has a positive charge of N = + 1. So it is possible for grains to fluctuate to positive polarities in the absence electron emission, but this happens infrequently. Of course, fluctuations to positive values would be dramatically increased if there is electron emission. Fluctuations lead to a neutral charge more often than to a positive charge. For the smallest grain shown in Fig. 7 , aTe = 0.14 nm eV, the grain has a neutral charge 20.3% of the time. One consequence of this is that small grains may be able to collide with one another and coagulate more often than one would expect from calculating the repulsion corresponding to the time-averaged charge.
C. RMS Fluctuation Level
As a final statistical measure of the fluctuations, we calculate their amplitude, expressed as the root-mean-square (rms) level. (13) which is accurate for a wide range of plasma and grain parameters, provided that I ( N) I > 1. This is one of the chief results of this paper: the fractional rms fluctuation level is inversely proportional to the square root of the charge number on the grain.
Note that the N-1 1 2 scaling means that smaller grains have larger fractional fluctuation levels. For a tiny dust grain with an average charge of only a few electrons, the fluctuations are enormous. On the other hand, for a very large object in a plasma, such as a Langmuir probe or a spacecraft, the fluctuations are quite negligible.
As predicted by Morfill et al. [9] , this scaling is the same as in counting statistics, where the uncertainty of a count N is N 1 1 2 , and the fractional uncertainty is N-1 1 2 • However, the coefficient in (13) cannot be predicted intuitively or by directly applying Poisson statistics. It depends on how the probabilities vary with the surface potential cp 8 which comes from nontrivial ¢s dependence of the currents in (1) and (5). We found that this coefficient is 0.5 by using our simulation.
D. Applications
The idea that a grain's charge will fluctuate has implications for both astrophysical and laboratory dusty plasmas. It is possible that these implications have not been reported heretofore.
In the area of space plasmas, there are several effects. For one, the fluctuations of the charge Q on the grain can alter the dust motion in a plasma. The orbits become more irregular because both the electrostatic force QE and the Lorentz force Qv x B will fluctuate as Q fluctuates, even if the electromagnetic fields are constant. Secondly, photo-electron emission is often an important process in space plasmas, which can lead to the charge fluctuating between positive and negative values (see Section IV-B). This would tend to promote grain growth by coagulation, because oppositely-charged grains would attract one another. Moreover, fluctuations might alter the dispersion relations [2] and scattering [ 16] of waves in a plasma, due to the dependence on Q, which has a distribution function, even for mono-dispersive particulates. This latter effect may not be as important as a dispersion in grain sizes, however, if the dispersion is large.
For plasma processing experiments, it may be useful to know that the grain's charge can fluctuate between positive and negative values if there is enough electron emission. One might plan a process to heat the electrons to promote secondary emission or use an ultraviolet lamp for photoelectron emission. This could lead to a Q that is positive at least some of the time due to fluctuations, if not all of the time. A positive charge is important because it is believed that only negatively charged grains are confined in a laboratory discharge. Contaminants might be expelled from the plasma by promoting emission from the grains.
One type of basic physics experiment that has been reported is an effort to form a crystalline lattice of charged grains suspended in a plasma [17] , [18] . Such a lattice would develop in a phase transition when the dust temperature is low enough. The charge fluctuations described in this paper lead to a fluctuating inter-grain potential that would have an effect similar to the random thermal motion. For this reason, crystal formation might be inhibited to a degree by charge fluctuations. This suggests using larger grains to avoid the problem.
V. SUMMARY
We have studied the fluctuations of the charge of a spherical dust grain in a low-temperature plasma. The fluctuations around an equilibrium value (Q) arise from collecting discrete charges at random intervals.
We compared simulations of the charge using two models, the continuous and discrete charging models. The discrete model should be the more accurate of the two. Both models were based on the assumption a «: A «: Amfp, which allows the use of "orbit-limited" probe theory for current collection.
We used the discrete charging simulation to characterize the charge fluctuations, and we found the following useful results. The power spectrum of the fluctuations is concentrated at low frequencies, f < 0.024T-1 , and at higher frequencies the spectral power diminishes as f-2 • The distribution function for Q was found to be peaked about the equilibrium value (N), and for small grains it extends to positive polarities, even in the absence of electron emission. The rms fluctuation level varies as 0.5/(N)/-1 1 2 . It is valuable to note from the latter result that larger grains have smaller fractional fluctuation levels.
In our models we neglected any electron emission from the grains, although it would be straight-forward to add emission currents to our approach. Emission tends to make the grain's charge positive, or at least less negative. One important fact to know about electron emission is that it could cause the charge to fluctuate often between positive and negative values.
As we stated in the Introduction, charge fluctuations can happen not only due to the discrete charging effects studied in this paper, but also due to fluctuations in the plasma parameters. Fluctuations in electron temperature that are faster than the charging time, for example, will lead to a fluctuating grain charge. For any problem of interest, the reader can determine which cause of fluctuations is more significant by comparing their amplitudes and time scales. Our results, using (13) for the amplitude and Fig. 6 for the time scale, can be used in making such a comparison.
After submitting this paper, the authors learned of two other theoretical studies of charge fluctuations in a dusty plasma. Tsytovitch [15] treated the problem of a plasma with an ensemble of grains. He found that the fluctuation amplitude increases with dust number density, because a fluctuation on one grain causes a change in the current collected by another grain. In the limit of zero dust density, his approach yields a zero fluctuation level, which does not match our result (13) for the isolated grain. Jana et al. [19] investigated collective effects, such as unstable ion waves, that are brought about by charge fluctuations. The latter fluctuations are coherent, unlike our random fluctuations.
